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ABSTRACT 
The importance of noise and v ibrat ion peaks and their damaging effects is b r ie f ly described. 
A study is made on the dependency of the peak d is t r ibut ion upon the shape of the v ibra t ion 
spectrum using some of the results obtained by S. O. Rice. It is shown that a modi f icat ion of 
Rice's exact theory w i l l furn ish good approximat ions in practice, and that the approximat ions are 
simple to " h a n d l e " mathematical ly. Furthermore, it makes the determinat ion of peak probabi l i ty 
density curves a simple matter when the frequency response of the system is known (and 
independent of excitat ion level), and the excitat ion is known to be Gaussian random noise. 

SOMMAIRE 
Apres un bref rappel de I ' importance des valeurs de cretes en ce qui concerne les effets dangereux 
des bruits et v ibrat ions, ['article presente une etude de I ' inter-dependance entre la repart i t ion 
statistique des cretes et le spectre correspondant, basee sur certains resuutats des travaux de 
S, O. RICE. On montre qu 'une modi f icat ion de la theorie de Rice permet d 'obteni r des approx i ­
mations simples a traiter mathematiquement et uti l isables en prat ique. De plus, on peut alors 
faci lement determiner la repart i t ion statist ique des cretes d'apres la courbe de reponse du 
systeme considere, pour tout niveau d 'exci tat ion gaussienne. 

2USAMMENFASSUNG 
Scheitel von Gerauschen und mechanischen Schwingungen konnen eine zerstorende Wi rkung ha-
ben. An Hand der Ergebnisse von S. O. Rice w i r d der EinfluB des Schwingungsspektrums auf die 
Scheitelvertei lung untersucht. Durch Mod i f i ka t ion der exakten Theorie nach Rice erhalt man eine 
praktisch brauchbare Annaherung, die mathematisch einfach zu behandeln ist. Die Methode er-
leichtert die Bestimmung der Schei telhauf igkei tskurven, wenn der Frequenzgang des Systems be-
kannt und unabhangig vom Erregungspegel ist, und wenn ferner als Erregungssigna! GauB'sches 
Breitbandrauschen angenommen w i r d . 



Effects of Spectrum Non-l ineari t ies upon the 

Peak Distr ibut ion of Random Signals. 

By 

Jens Trampe Bvoch, Dip]. Ing. K.T.H. 

Introduction. 
In the course of (he past decades the analysis of random noise and vibration 
signals lias gained increasing importance, due mainly to the development of 
fast travelling vehicles. However, in daily life too, the impor tance of r andom 
signals such as factory and Iraffic noise, has increased rapidly in the later 
years. 
As regards audible noise, great efforts have been, and are being, made to 
develop complete theories for hear ing damage and (he " intrusiveness" of 
these sounds. In the field of vibration the study of the fatigue of metals and 
the sudden malfunction of equipment and parts , due to high vibrat ion peaks, 
have been intimately related to the study of r andom signals. 
Because of their na ture r andom noise and vibration signals can be mathe­
matically described only by means of statistical methods and a number of 
investigators have successfully applied these methods in their studies. In 
this paper the peak response of various electromechanical analogues to 
random inputs are being investigated, and extensive use has been made of 
some of the results obtained bv S. 0 . Rice and described in his now "classic" 
work: "Mathematical Analysis of Random Noise". 
Some special measur ing ar rangements have been developed to check the 
results experimentally, and the B & K Random Noise Generator Type 1402 
was used as signal source during the experimental par t of the work. The 
Type 1402 Noise Generator has been found especially well suited for this 
kind of investigation due to its symmetrical Gaussian instantaneous value 
distr ibution and the experimental curves have been measured up to a round 
3.5 a values. At higher ampli tude values, the Type 1402 Noise Generator 
shows slight deviations from a truly Gaussian distr ibution, and the measur-
ing time involved in investigations at the high a-values, makes the use of 
these values unat tract ive. It is assumed that an experimental verification of 
the theoretical results up to the above mentioned values of 3.5 a will suffice. 

Statement of the Problem. 
Rice has given a general formula for the distr ibution of peak values (noise 
signal maxima) as a function of spectrum shape. He also solved the equation 
for the case of an ideal low-pass filter with a "flat" passband, and gave the 
result for an ideal "infinitely n a r r o w " band-pass filter. The two results are 
shown in Fig. 1. One of the questions arising immediately from a study of 
Fig. 1 is: How will the distr ibution be affected by other types of r andom 
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signal frequency spectra? If the band-width of the band-pass filler is in­
creased from "infinitely narrow'1 to a low-pass filler, one would expect the 
distr ibution curves to lie between those given in Fig. 1. It can be verified 
both theoretically and experimental ly lhat this is the case. However, the 
slope of the spectrum also plays an impor tant role and in some cases an 
exact mathematical treatment mav lead to results which give onlv little 
relat ion to practical experience. The reason for this is that the mathemat ica l 
theory does not distinguish between very small peaks and notches, which may 
be of little practical importance, and relatively great peaks and notches, 
which may be of considerable importance with regard to the malfunction of 
essential equipment. In the following, an approximate theory which covers 
a wide range of commonly encountered frequency spectra will be proposed, 
and it is shown how the distr ibution of impor tant peaks depends upon the 
shape of the spectrum. 

Fig. 1. Probability density curves for the distribution of noise maxima. 
a) Valid for an "infinitely narrow" band-pass filter (Rayleigh-distribution). 
b) Valid for a "flat" low-pass filter with infinitely sharp high frequency 

cut-off (Rice). 

General Theory of the Peak Distributions. 
It has been shown by Rice a.o. that signals which exhibit Gaussian (normal) 
instantaneous value distribution can be represented by an infinite number 
of sine waves combined in random phase, independent of spectrum shape. 
However, the peak values will, to a great extent, be influenced by the 
spectrum shape. Rice found a general formula for the peak distribution as a 
function of spectrum shape as long as the circuits behave linearly in amplitude 
response i.e. as long as the above statement of Gaussian distributed instantane­
ous values holds true. 
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Actually the formula given by Rice consists of two additive terms, one which 
has a Gaussian character with zero as a mean, and one which has the character 
of a Rayleigh like distribution. 
A slight transformation of Rice's original formula gives: 

Vl — a x2 V« x / x -■ / a \ x2 

p (x) = - • cxp — - ■ -j ■ 1 + erf 1 / ■ exp — 
o\l2n [ 2o2 ( 1 — a) 2 o a [ \ o \ 2 ( 1 — a ) j \ [ 2 a2 _ 

"Gauss'*-1 erm "Ravleitfh"-like term 

In the formula: 
x = peak values of the signal. 
a = r.m.s. value of the signal (standard deviation). 
a = parameter , see Appendix, p. 30. 

erf = error function. 
p(x) = probabili ty density of x. 

It can be seen that the relative importance of the two terms solely depends 
upon the value of a. If a = 0 the peak distribution is truly Gaussian while if 
a = 1 the distribution is truly of the Rayleigh type. Therefore the shape of 
the peak distribution curve will always lie between a Gaussian distribution and 
a Rayleigh distribution. The factor a depends on the spectrum shape and will 
be discussed in detail in the following. In Fig. 2 plots of the probabili ty density 

Fig. 3. The curves shown in Fig. 2 replotted in per cent of the true Rayleigh 
distribution. 

8 



function p(x) are given with a as parameter, and Fig. 3 shows Ihe same curves 
replotted in per cent of the true Rayleigh-distribution also with a as parameter. 
It can be seen from Fig. 3 that the higher peak values always tend to show 
a Rayleigh like distribution (see also formula above) but the absolute probab­
ility density at these levels deviate from those of the Rayleigh distribution. The 
deviation from the Rayleigh distribution is due to the peaks and notches con­
tained in each "main half cycle" of the noise signal, see Fig. 4 and the import­
ance of line deviation must, in practical cases, be judged from this point of 
view. 
To possibly aid such judgements being performed, typical signal wave forms 
will be shown together with the experimental results obtained in this article. 

• = Noise maxima 
Fig. 4. Sketch illustrating the distribution of maxima in a sample of a wide 

band noise signal. 

Types of Spectra Investigated. 
The following types of spectra and "mechanical" systems have been in­
vestigated: 
1. Spectra where the power spectral density decreases or increases with 

frequency at a constant rate between two "l imit ing" frequencies, see 
Fig. 5. 

2. A system consisting of a spring and velocity dependent damping, (low-
pass filter) Fig. 6. 

3. Single degree of freedom systems Fig. 7 and "idealized" single degree of 
freedom systems. 
The "idealization" is based upon energy-relations and it is shown that 
this kind of idealization is reasonable on account of the measured results. 
The "idealizat ion" considerably simplifies the theoretical t rea tment of 
peak distr ibutions in impor tant practical cases. 

-1. Mulli degree of freedom systems, Fig. 8. 
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Fig. 5. Plots of the power spectral density vs. frequency for various 
"theoretical" noise spectra. 

Fig. 6. Frequency response, "mechanical diagram" and electrical analogue 
circuit (impedance analogy) of a mechanical system consisting of a spring and 
viscous damping. The response plot shows the force measured on the spring 
when a constant, frequency independent force is applied to the complete-

system. 

Experimental Technique. 
To verify the theoret ica l conclusions a special measur ing a r r angemen t was 
developed. It consists of a r a n d o m noise genera tor (B & K Type 1402), a 
modified electronic counter , a var iable DC supply and a t rue R.M.S. Volt­
meter (B & K Type 2603). Use was also made of a band-pass filter set 
(B & K Type 1612) and a band-pass filter with very sha rp cut-offs. Fig. 9 
shows the basic set-up. 
The counter wras of a cons t ruc t ion tha t made it possible to p roduce a 
voltage "window", Fig. 10. F u r t h e r m o r e the c i rcui t ry al lowed the following 
condi t ions to be provided: W h e n a signal voltage wi th a positive slope 
passed th rough the lower "end" of the "window" the counte r was "made 
r eady" to count . If the voltage then d ropped below the "windowT" a count 
was registered. On the other hand, if the voltage increased and passed 
th rough the upper "end" of the "w indow" the counter was blocked unt i l the 
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Fig. 7. Frequency response plots, "mechanical diagrams" and electrical 
analogue circuits of single degree freedom systems (mobility analogy). 
In the drawing are F — force, V = velocity, d — displacement and a = accele­

ration. 
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F/</. 6'. Frequency response, "idealized" response, "mechanical" diagram and 
electrical analogue circuit (mobility analogy) of a multidegree of freedom 

system. 
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Fig. 9. Measuring arrangement used to determine experimentally the 
probability density curues of noise voltage maxima. 

voltage again had d ropped io a value below the lower "end" of the window. 
In this way a count was only registered if a vollage peak occured within 
the limits of the "window". Cal ibrat ion was made with a s inusoidal signal 
and it was possible Io keep the width of the window constant to wi th in 
n a r r o w tolerances dur ing all the measuremen t s . It can be seen from Fig. 10 
that a combination of a peak and notch which lie within the window will not 

Fig. 10, Sketch illustrating the principle of operation of the arrangement shoivn 
in Fig. 9. 

a) One noise maximum is registered on the counter. 
b) Two noise maxima are registered. 
c) No noise maximum is registered. 
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be registered. When the window is chosen to be verv nar row all but the 
ra ther insignificant peaks will be counted. The distinction between "signi­
ficant" and "insignificant" peaks is ra ther difficult to drawr up sharply, but 
it will be shown later that a verv useful kind of distinction mav be made 
on an energy-basis. By moving the "window" relative to the signal the 
number of peaks occuring in certain time intervals (measuring time), and 
at various signal levels can be determined. For most of the measurements 
reported here a "window" width of o.2 a was used and the measur ing time 
was chosen to be 2 min. The frequency range in which measurements were 
made was from some 300 c/s to a round 2400 c/s. 

The Peak Distributions of some Theoretical Spectra. 
In this section, a special type of frequency spectra, not likely to be exactly 
met in practice, is dealt with. However, some impor tan t conclusions may be 
drawn from these investigations which are used later in the work. The 
spectra are of the type shown in Fig. 5 and the power spectral density 
inside the "pass-band" can be wri t ten: 

w (f) = c X fn 

where c is a constant, f = frequency and n an exponent that can be positive, 
negative or zero. The full mathemat ica l t reatment of the problem will not 
be given here, but it should be mentioned that it is necessary to divide the 
problem into several "cases", so that no one general formula can be given 
which covers all values of n. Fig. 11 shows the theoretically derived curves 
for a as a function of n, with the ratio between the limiting frequencies 

(fi and £2) as parameter . It can be seen that for "vr" smaller than around 2 
ti 

(1/1 octave bandwidth) the lowest a-value is obtained in a range of n = 0 to 
n = — 6 and that a is practically constant within this range. Also the lowest 
a-value is approximately 0.86 which, from the curves shown in Fig. 3, gives 
a Rayleigh like peak distribution for peak values higher than some 1.25 a. 
Considering this the following conclusion may be drawn: 
The shape of the "filter" characteristic inside the pass-band of a resonant 
fitter system (single degree-of-freedom system) narrower than some 111 octave 
does not change the distribution of important peaks to any appreciable extent, 
and may thus, in practical cases, be approximated by means of a "box" con­
taining roughly the same amount of energy, i.e. having the same R.M.S.-value 
(a) as the original noise. 
On the other hand, if the band considered is considerably greater than 1/1 

octave ( P— ^> 2) the slope of the spectrum inside the band will theoretically 

influence the peak distribution to quite an extent. If, for example ~ is of the 

order of 25 or higher and the slope of the spectrum is some — 9 dB/octave 
(n = 3), the theoretical peak distribution will be almost Gaussian (a = 0) see 
Fig. 11. Now, what does it mean physically when the peak distribution 

13 



Fig. 11. Curves showing how the factor, a, varies with the exponent, n, 
(spectrum slope) for various ratios 

approaches a Gaussian shape? This can he explained on the basis of Fig. 12. 
Here two signals are shown, one which has a " t rue" Rayleigh distribution of 
the peaks (narrow band noise) and one which has a Gaussian type peak 
distribution. It is clearly noticed that Lo obtain a true Ravleigh distribution 
only one noise max imum (or minimum) occur between two succeeding zero 
crossings of the signal, while in the case of a Gaussian type peak distribution 
a number of "smaller" noise maxima (and minima) occur between the zeros. 
When the signal being studied is derived from mechanical vibrations of a par t 
or s tructure and the difference between a max imum and the succeeding 
minimum becomes greater the existance of these "smaller" peaks and notches 

Fig. 12. Two typical noise signals: 
a) Narrow band noise 
b) Wide band noise 

Note the difference in the distribution of maxima. 
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may become important. In this case they will cause "extra" losses to be 
induced in the already prestressed material and may thus to a certain extent, 
contribute to possible malfunction of the part or structure due to fatigue. It 
may therefore be assumed that in the case of vibration signals these types of 
peaks and notches may have to be taken into account when predicting the 
fatigue life of the part. 
Some experiments have been made in an attempt to check the theoretically 
predicted peak distributions discussed in the preceding text. The measuring 
arrangement sketched in Fig. 9 was used and the output signal from the 
Random Noise Generator Type 1402 was shaped so that spectra of the type 
shown in Fig. 5 were obtained. 
The 1/3 and 1/1 octave spectra were produced by connecting a Band-pass 
Filler Set Type 1612, as "External Filter", to the generator and making use of 
the built-in — 3 dB/octave condition as well as a simple R-C-circuit. In the 
case of the wide-band output signals the Band-Pass Filter Set Type 1612 was 
substituted by a special band pass filter with sharp cut-offs at approximately 
300 c/s and 2.4 kc/s. With the above mentioned R-C-circuit connected across 
the output of the Generator, a spectrum with a slope of — 6 dB/octave is 
obtained, and combining this with the built-in - 3 dB/octave condition, spectra 
with slopes of — 3 dB/octave, —-6 dB/octave and —-9 dB/octave can be 
readily produced. Also by using a second R-C-circuil a spectrum slope of 
- 12 dB/octave was obtained. 

Fig. 13 shows the resulting peak distributions measured on the 1/3 and 1/1 
octave noise bands. It was not possible, within the measuring accuracy, to 
state any difference in distribution whether the spectrum inside the pass-band 
was flat or had a slope of — 9 dB/octave, and the results seem to closely 
follow the ones theoretically predicted. 
The center frequency, of the noise bands used in the experiments, was 
looo c/s. 
The measurements on the wide band signal were considerably more difficult 
to perform in that here, the "small" peaks and notches play an important role, 
and the width of the measuring "window" is therefore more critical. A 
"window" width of o.2 a was chosen on the basis of the following con­
siderations: 

1. Succeeding peaks and notches inside o.2 a will presumably be of little 
practical interest, and 

2. With the equipment available, difficulties arose in keeping the instru­
mentation strictly linear up to 4 cr-values if a narrower "window" was 
employed. 

To obtain a fairly well defined y -ratio the afore mentioned special band-pass 
filter with very sharp cut-offs was designed, and inserted as "External Filter" 
in the Noise Generator. 
A number of peak probability density curves were now measured for various 
spectrum slopes. The results are given in Fig. 14 where certain theoretical 
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Fig. 13. Some experimental results: 
a) Probability density curve for the distribution of maxima in a 1/1 octave 

band of noise. 
b) Probability density curve for the distribution of maxima in a 1/3 octave 

band of noise. 

Fig. 14. Probability density curves for the occurance of maxima in a wide-

band ( — ~ 8) noise signal. Comparison of theoretical and measured results. 
Pi 
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curves are also plotted. These curves correspond to a-values of o.3, o.65, and 
o.75, and by consulting Fig. 11, it can be seen that they represent the 

theoretical probability density curves expected for an -y -ratio of around 8. 

It should be mentioned here lhat the deviation between the measured results 
and the theoretically predicted ones is most likely to be due to read-out, and 
meter errors in the measuring instruments. (A very small error in the r.m.s. 
value of the noise signal relative to the DC voltage setting the "window" level 
results in considerable "deformation" of the probability density curve). 
The difference in probability density curve between the signal with a spectrum 
slope of — 6 dB/octave and that corresponding to a slope of — 9 dB/octave 
is rather insignificant. This also agrees very well with the theoretical results of 
Fig. 11. 
In Fig. 15 are shown some typical wave-shapes obtained for various spectrum 

f2 
slopes a n d y c^.8. Fig. 15 (a) shows the case where the spectrum slope is 
+ 6 dB/octave (n = 2), while in Fig. 15 (b) the signal frequency spectrum was 
"flat". With a spectrum slope of — 6 dB/octave a signal of the type shown in 
Fig. 15 (c) was obtained. Finally Fig. 15 (d) indicates the wave-shape when 
the spectrum slope was — 9 dB/octave. The change from a typical "high fre­
quency signal" to a typical "low frequency signal" as a function of spectrum 
slope is clearly noticed. Also note the change in signal "characteristic". While 
the signal shown in Fig. 15 (a) has an almost Rayleigh (narrow band) 
character the signal in Fig. 15 (d) shows a number of small peaks and notches 
at various levels. 
In the following, extensive use will be made of the experimental results 
obtained here with regard to the effect of spectrum slopes upon the peak 
distribution. 

Low-pass "Filter". 
The shape of the theoretical peak distribution for an ideal (boxshaped) low-

5 
pass filter has been given by Rice and corresponds to a =~. If on the other 

hand, exact calculations on an actual low-pass filler of the type shown in 
Fig. 6 and which is equivalent to a spring with velocity type damping are 
carried out, one comes to the result that when a true "white" noise signal 
(fx->- OO) is impressed upon the system the peak distribution will be Gaussian. 
This is also to be expected from the results obtained with the "theoretical 

f2 spectra" above, in that then ~~ ->- OO and the spectrum slope is — 6 dB/octave 

(n = — 2 ) see also Fig. 11. Physically the Gaussian shape is due to the very 
small peaks and notches caused by the high frequencies being considered by 
the exact mathematical theory. These peaks and notches may however, be of 
little, if any, practical importance. Mathematically the case reveals itself in 
that some of the integrals concerned do not converge. Rice, in his original 
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f2 
Fig. 15. Samples of wide-band (—~ 8) noise signals: 

Pi 
a) Noise spectrum sloping + 6 dB/octave ((n = 2). 
b) Flat (constant power spectral density) noise spectrum (n = 0). 
c) Noise spectrum sloping — 6 dB/octave (n = — 2 ) . 
d) Noise spectrum sloping —- 9 dB/octave (n — — 3 ) . 

work also points this out and discusses briefly the case of the R-C-circuit. 
Some calculations have been made where a sharp cut-off was introduced at a 

1 
frequency, fx, above the R-C-cut-off frequency, fo = ^ — ^ r , and a curve of 

a vs. the ratio fx/f0 is shown in Fig. 16. Measurements have also been made in 
an at tempt to check the curve up to tx/fo values of around 8 and the correlation 
was quite satisfactory, Fig. 17. 
When fx/fo becomes greater, Hie high frequency peaks seem lo be of such small 
magnitudes that they are oulside the range of the measuring equipment, and 
Ihey may then presumably also in practical cases be neglected. 

Single Degree oi* F r e e d o m Systems. 
A single degree-of-freedom system may consist of a mass, a spring and some 
sort of damping, in the general differential equation for these types of systems 
the damping is normally assumed to be of the viscous type (velocity de­
pendent) , and the system can be simulated by an electrical R-L-C-circuit. The 
actual configuration of the analogue circuit depends upon whether it is desired 
lo know the acceleration, velocity or displacement of the responses and what 
type of forcing signal is uscd( acceleration, velocity or displacement). 
The frequency response of the signal can then be one of the three types shown 
in Fig. 7, and the distribution of the peaks in all three cases will be considered 
in the following. 
Again exact calculation of the peak-distribution (limits of integration 0 and OO) 

reveals that they should theoretically be of a Gaussian type in the case of 
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Fig. 16. Curve of a vs. fxlfo for an R-C-type low-pass filter. Exact theoretically 
calculated curve is here compared ivith actually measured results ( + ) . 

Fig. 17. Determination of a from measured peak probability density curves for 
a damped spring system (R-C-circuit), See also Fig. 16. 

spectra of the types shown in Fig. 7 (a) and (b) while in the case of Fig. 7 (c) 
5 

the "limiting" case is a =-~. 

This is in contradiction to practical experience where, for a reasonably high 
O-value in the svstem, an almost ideal Ravlcitfh-distribution is found for the 
spectrum shape Fig. 7 (a). Also when looking at the signal on the screen of 
an oscilloscope it has, in this case, the distinct character of a na r row band 
noise signal even when the forcing spectrum is "white"' up to some fx/fo = 40. 
The explanation for the difference between the results calculated from the 
exact mathematical theory and pract ical experience may also in this case, be 
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found in the existence of infinitely small high frequency peaks and notches. 
Considering, however, that by far the greatest part of the spectrum energy is 
contained in the resonance peak, it should be possible to approximate the type 
of spectrum shown in Fig. 7 (a) and (b) with a box-type spectrum containing 
the same amount of energy centered around the resonance frequency. (Confer 
also "The Peak Distribution of some Theoretical Spectra", p. 13). The top of 
the "box" should be equal to the maximum resonant response and the width 

n 
of the "box" would be ~ times the — 3 dB bandwidth of the resonance, see 
also Fig. 18.*) 

Fig, 18. Sketch showing how the frequency response of a single degree of 
freedom system is transformed into a "box" containing the same amount of 

energy. 

To investigate the validity of the "box"-approximat ion a number of measure­
ments have been made. The results of these are shown in Fig. 19 where the 
measured peak distr ibutions are compared to the dis tr ibut ions calculated 
from the equivalent "box"-approximation for various Q-values of the 
system. It can be seen that even for Q-values as low as Q = 2 the approxima­
tion is quile good in cases where the spectrum "end-slope" towards higher 
frequencies is — 1 2 dB/octave. W h e n a spectrum of the type shown in Fig. 7 
(b) is being considered the "box"-approximal ion can only be used when the 
Q-value of Hie system is considerably higher than in the case of Fig. 18 (or 

*) The RMS-value for the resonant system is: 

_ l / ^ T V T f i ) " x f0 X"Q , /n x w~(fi) x Q2 x "AU 
[/ 2 [/ 2 

W h e r e w (fj) is the input power spectral density, f0 = resonance frequency, Q — reson­
ant amplification factor of the system and /\lT = — 3 dB resonance bandwid th . 
The RMS-value of the equivalent "box-fil ter" is: 

Obox = W ( f T ) X~Q*~X Ah 

Where w (fj) and Q are defined above and /|fb = width of the "box" . 

Thus setting GTCS = a b o x gives /jfb = X /)fr. 
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a) 

b) 

Fig. 19. Examples of 
peak probability 
density curves for 
single degree of free­
dom systems with dif­
ferent Q-values and an 
"end" slope towards 
higher frequencies of 
— 12 dBloctave: 

a) Q = 9 
b) Q = 4.5 
c) Q = 2 

c) 
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(he forcing spectrum falls off above the resonance frequency) due to the 
— 6 dB/octave end-slope of the spectrum towards higher frequencies. 
In the case of Fig. 7 (c) a single "box"-approximat ion cannot be used at all. 
However, this type of spectrum is not likely to be met in practice, as 
normally the forcing spectrum itself drops off towards higher frequencies 
and the case will not be treated further here. It may, however, be mentioned 
that very low a-values can be obtained from this type of spectrum which is 
also evident from the investigations of the "theoretical spectra" on p. 13. 
The "box"-approximat ion introduced above is very convenient to use for 
(he approximate t reatment of (he peak distr ibutions, especially in cases 
where the spectrum contains a number of resonance peaks, such as multi-
degree-of-freedom systems. This will be shown in the following. 

Multi-degree of Freedom Systems. 
A mechanical system in which the masses can move independent ly or in 
more than one direction is commonlv termed, a multi-degree of freedom 
system. When the frequency response of such a system is plotted it will 
normally show one resonance (natural frequency) per independent move­
ment, so that a two degrees of freedom system shows two resonance peaks, 
a three degrees of freedom system shows three resonance peaks, etc. 
A two degrecs-of-freedom mechanical svs 'em is sketched in "block-diagram 
form" in Fig. 20 together with its electrical analogue circuit (mobility ana­
logy). This system may for example consist of a mass, say a compact 
instrument packed for shipping in a case lined with some elastic damping 
mater ial and the whole package secured to the deck of a ship for t ranspor t . 
Or a simplified "equivalence" of a car moving on the road, the "first" 
resonance system consisting of the rubber tires and the mass of the wheels 
and axles, and the second of the mass of the whole car chassis and its 
suspension. Actually both the above mentioned analogues are "pract ical" 
simplifications for more complicated systems but may serve as i l lustrating 
examples. The frequency response of the two-degrees-of-freedom system 
considered in Fig. 20 is shown in Fig. 21 (a). Fig. 21 (b) shows the equivalent 
"box-filter"-response. As stated in the discussion of the single-degree-of-
ircedom system a requirement for the "box-filter" approach to the problem 
to be a good approximat ion is that the high frequency drop-off of the highest 
resonance has a fairly steep slope ending in at least —12 dB/octave and that 
the — 3 dB band-width of the resonance is less than about 1/1 octave. These 
conditions are normal ly fulfilled in practical vibration problems. The fre­
quency response plotted in Fig. 21 refers to the velocity (displacement) as 
measured on the "second" mass when the forcing signal consists of a 
constant velocity (displacement). Other types of measurements, or forcing 
signals will give different frequency responses. W h e n systems with a fre­
quency response of the type shown are subjected to wide band noise input 
vibrations, a relatively simple formula for a, governing the peak distr ibution 
of the response, can be worked out on the basis of the "box"-approximat ion. 
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Fig. 20. Example of a two degrees of freedom system and its electrical 
analogue (mobility analogy). 

Fig. 21. Typical frequency response curve for a two degrees of freedom 
system and its "box"-equivalent spectrum. 

It is [hen possible to plot a set of curves of a vs. ihe rat io between Ihe l\vo 

resonance frequenciees, y~, wilh the rat io /? = ^ r as paramete r (Wm = 

energy contained in resonance No. 1, WQ2 = energy contained in resonance 
No. 2. The curves are shown in Fig. 22 and reveal a number of interesting 
results. 
Firstly it can be seen that when the energy contained in resonance No. 2 is 
very small compared to the energy contained in resonance No. 1 the peak 
distr ibution remains a true Rayleigh distr ibut ion (a = 1) unti l the ratio 

between the resonances frequencies, y - , is relatively great. This can be ex­
plained when the max imum slopes and ampli tudes of the " two" noise signal 
wave-shapes (two resonances) are considered. (To obtain a small peak-notch 
combinat ion it is necessary that the slope of the wave-shape of the high 
frequency signal is greater than the slope of the low frequency signal). 
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Fig. 22. Curves derived from the "box"-approximation and showing the 
dependency of a upon the ratio between the two resonance frequencies of a 
two dgrees of freedom system. The energy-ratio, ft, is used as parameter 
Dotted curves refer to very small energy ratios and will most probably be of 

liltle practical interest. 

Secondly, the same a-value can be obtained for a fixed -r -ratio with different 

/^-values, namely in one case when /? is very small and in the second when 
ft is considerably greater. In the case when /? is very small the peaks and 
notches caused by the high frequency signal (resonance No. 2) are so small 
that they will be of little, if any, impor tance in vibrat ion problems, and 
only the second case, when /? is considerably higher, need to be considered 
seriouslv. 
The validity of the curves given in Fig. 22 has been checked experimental ly 
on analogue models as outlined above. Some of the results are given in Figs. 

23 and 24 and by comparing the ^ , /?, and a-values obtained from the 

measurements with Ihosc given by Ihe curves in Fig. 22 it is seen that a 
very good correlat ion exists between the Iheoretical and practical results. 
Samples of the signal wave-shapes are also shown and demonst ra te very 
nicely Ihe linear superposi t ion of Ihe high and low frequency resonance 
bands. 
Finally it may be mentioned that the formula found for a in the case of a 
two-degrees-of-freedom system, and given in Fig. 22, can easily be extended 
to multi-degrees-of-frcedom systems, it will then lake ihe form: 
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[ 1 + 2 Mn )2x p.}2 

[1 +21/?,,] X [1 + 2 ( {p)A X /?„] 
n n \ f i / 

where fn is Ihe center frequency of the n ' th resonance and fin = " x r f - n 

Fig. 23. Experimental results obtained from measurements on a two degrees 
of freedom system. Both frequency response curves, peak probability density 
curves and samples of the signal wave shape are shown. The two resonance 

frequencies were 300 cis and 1900 els respectively. 
a) fi = 0.0475 (a = o.lOi) 
b) fi = a.092 (a = 0.136) 
c) fi = o.26 (a = 0.252) 
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Fig. 24. Similar to Fig. 23. However, the two resonance frequencies were in 
this case 300 els and 900 c/s. 

a) /? = 0.135 (a = 0.365) c) /? = 1.22 (a = o.(>5 ) 
b) /3 = o.57 (a = o.5 ) d) fl = 2 (a = o.74 ) 
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Fig. 25. Frequency response, peak probability density curve, analogue circuit 
and samples of the wave shape for a three degrees of freedom system excited 

by wide band "white" noise. 
a) Frequency response. 
b) Peak probability density curve and analogue circuit. 
c) Sample of the output wave-shape. 

c„ 
should be pointed out here that ~ is the energy-ratio between the responses 

-̂ 1 

of (he two resonance peaks corresponding to the frequency fn and ft. Thus, 
if this ratio is read from a char t recording calibrated in dB, a difference of 
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Cn 
— 10 (IB between the resonance peaks corresponds to -----— o.l. 

The bandwidths Afn and Ai\ are read directly off the chart at the — 3 dB 
points. 
As an example of the use of the formula given above, a three-degrees-of-
freedom system having the frequency response shown in Fig. 25 (a), was 

Cn 
investigated. The values of- ~, ZJfn and fn were determined from the response 

ci 
measurements as indicated in the figure, and the resulting a-value calculated. 
By feeding the circuit from the Random Noise Generator and measur ing the 
peak distribution the result shown in Fig. 25 (b) was obtained. Note the 
good correlat ion between the calculated and the measured a-value. Finally 
Fig. 25 (c) shows a sample of the signal wave-shape. 

Conclusion. 
A study has been made of the dependency of the distr ibution of random 
noise maxima upon the shape of the noise spectrum. It was found that the 
exact mathemat ica l theory as given by S. O. Rice may be "modified" when 
applied to practical vibrat ion problems. The main reason for a possible 
"modification" is that the exact theory does not distinguish between the 
infinitely small peaks and notches and the more impor tan t greater peaks 
and notches occurring in wide band noise signals. Peak distr ibutions ob-
tained from the exact mathemat ica l theory deviate, in some cases from 
those measured in practice, where the very small peaks and notches are 
not accounted for. It is suggested that a "box"-approximat ion may be used 
for the t reatment of resonant systems with amplification factors (Q-values) 
greater than around 2 and a steepness of the end-slope towards higher fre­
quencies of at least — 12 dB/octave. 
The "box"approximat ion also simplifies the t rea tment of more complicated, 
multi-degrees-of-freedom systems as commonly met in vibrat ion practice 
considerably. Good agreement has been found between the results obtained 
from "box"-approximal ions , and pract ical measurements . 
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Appendix 
Brief Theory of the Distr ibution of Maxima 

The formula given on page 8 has been derived from the original work of 
S. 0 . Rice of the Bell Telephone Laboratories Inc. on mathemat ica l analysis 
of r a n d o m noise. His general equat ion for the dis t r ibut ion of noise max ima 
in ampl i tude- l inear systems was obta ined by s tudying the combined pro-

dx d2x 
perties of x, , and _, 2 °f the noise, assuming that x(t) is a normal Gaussian 

dx d2x 
process in time. A maximum (peak) is then obtained when _. = 0 and ~772 

is negative. Using his no ta t ion the expectance of a m a x i m u m occuring in the 
rectangle dx X dt is: 

dx dt 1 f f / — ̂ u *2 \ 
P (x, x + dx; t, t + dt) = — — 3 — - - I M |fl/2 exp — — 

M33 V8 n* L \ 2 I M I / 
(Al) 

/ 71 W 2 / M13X \ I x 2 \ 
+ Mi3 x — 1 + erf exp — — 

\ 2 M 3 3 / \ ( 2 | M | M 3 3 ) 1 / s / \ 2 V o / . 

where 

I M I = — S V ' (Wo Fo(4) — Wo"*) 

M13 = S V ' 2 

M33 = - Wo" Wo 
and 

r* 00 

¥„ = \ co(f) df 
[* CO 

Wo" = — 4 3T2 \ f2 CO(f)df 

f * 0 0 

Vote) = 16:*4 \ f4tw(f) df 

Here o:){() is the input power spectral density. 
^ 

To obta in an expression for the probability densi ty of the max ima (Al) has 
to be divided by the to ta l n u m b e r of m a x i m a PMUX. tot. occuring in the time 
interval t to t + dt. Here again one of Rice's results is used: 

_ d t r W ) l ^ 
J Max- t o t . == o Tff / / 

I 7l\— X o J 

The probabi l i ty density function for the m a x i m a then becomes: 
P (x, x + dx; t, I + dt) 

p(x) dx = -^—p—-— -1 (A2) 
1 Max- t o t . 
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Inserting the values for | M |, iMn, M13, M33 and P.Max tot into equation (A2j 
gives: 

1 | M I1/! 

v/8_3r3_M33 i _ 1 / 1 / Fo//2 \ L / r _ ^ ' 
P M « . t»t. " V 2 ? r / 1^>'■* ~~ ~Y7WoW ) ~ ay/2 in 

t 

and 

M11 1 —Wo^WoW_ __ _ J 1 1 
2\\l} = ~2~—V'„"(¥„ WoW —Wo"2) = 2 , _ ^ . ^ 2 _ \ — 2 a2""(l — a ) 

'7 "' * ~ >/>„ S/0 (4) ) : 
j 

% 
I 

and 

M i 3 / _ 1 W* 1 
M33IM33J 4 ^ _ 1 J F . " ^ r 1 = Z l H V « 

"PMax.tot. _ 2_ - S V ^ o L — Wo" Wo WoiDl 2~~0* 

a n (1 

J^h*— ¥l"2 = l \ a 
[2 [ M I M33] */» [2 ¥V'2 ?'„ ( ^ ^o(i) — SV'2) ] V, a J ^ J^ZTa) 

where o = \/ W0 and a = JT? vr~iz/_(4J 

The expression (A2) for the probabi l i ty densi ty function then becomes: 

Vl — a * 2 V« x / x -■ / a \ x2 

p (x) = — —-— • exp — ■- -j 1 + erf I / exp — — — 
oy/2a [ 2a2(l — a)\ 2o a V \ o y 2 [1 — a) 'J L 2 o2 _ 

which is the expression given on page 8. 

It is in teres t ing to note the "mean ing" of the quan t i ty here called a. Again 
/ z y 

using some of Rice's results a is equal to l ~ I where z is the total n u m b e r 

of zero crossings and m is the total n u m b e r of noise m a x i m a per second. The 
Rayleigh d is t r ibut ion is obtained for a = 1, i.e. when there is exactly two 
zero crossing per peak! (Modulated sine wave). A Gaussian dis t r ibut ion is 
obta ined when a = 0, i.e. when there is infinitely m a n y peaks per zero 
crossing. 
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